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DANIEL GREB
Abstract. It is shown that any compact semistable quotient of a normal variety
by a complex reductive Lie group G (in the sense of Heinzner and Snow) is a good
quotient. This reduces the investigation and classification of such complex-analytic
quotients to the corresponding questions in the algebraic category. As a consequence
of our main result, we show that every compact space in Nemirovski’s class QG has
a realisation as a good quotient, and that every complete algebraic variety in QG is
unirational with finitely generated Cox ring and at worst rational singularities. In
particular, every compact space in class QT , where T is an algebraic torus, is a toric
variety.
1. Introduction
Varieties and complex manifolds obtained as quotients of some simple space by an
algebraic or holomorphic group action form important classes of complex spaces, which
allow for explicit computation and can therefore be used as a testing ground for general
ideas and conjectures. The goal of this paper is to relate several of the known con-
structions, with a special emphasis on algebraicity results for compact complex-analytic
quotients.
Classical examples of quotient spaces include toric varieties, which can be realised as
good quotients of open subsets of representation spaces for algebraic tori by the Cox
construction [Cox95], flag varieties and other Fano varieties, moduli spaces paramet-
rising representations of quivers [Kin94], and more generally Mori dream spaces [HK00].
Motivated by these constructions, we say that an algebraic variety (and more gener-
ally an algebraic space) belongs to class QalgG , for G a complex reductive Lie group, if
there exists a (connected) smooth affine G-varietyX and a G-invariant algebraic subset
Σ ⊂X of codimension greater than one such that the good quotient (X \Σ)/G for the
G-action on X \ Σ exists and X ∼= (X \ Σ)/G.
The natural analogue of a good quotient in the analytic category is the concept of an
analytic Hilbert quotient (also called semistable quotient) for the holomorphic action of
a reductive group on a complex space. This notion was introduced and studied by Snow
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2 DANIEL GREB
[Sno82] as well as by Heinzner and his coworkers [Hei91, HMP98]. It naturally appears
in the study of Hamiltonian actions of reductive Lie groups on Kählerian manifolds and
of Kählerian reduction theory, see [HHL94, HL94].
Motivated by the Levi problem on complex spaces with singularities, Nemirovski
[Nem13] recently introduced a class QG of complex spaces defined in terms of semistable
quotients, which are the natural analytic analogues of the spaces in classQalgG introduced
above. More precisely, an (irreducible) complex space X is said to belong to class QG,
for G a complex reductive Lie group, if there exists a (connected) Stein G-manifold
X , and a G-invariant analytic subset Σ ⊂ X of codimension greater than one such
that the analytic Hilbert quotient (X \ Σ)/G for the G-action on X \ Σ exists and
X ∼= (X \Σ)/G. The interest in spaces of this form stems from the fact that questions
related to the classical Levi problem are tractable for domains over complex spaces in
class QG. Let us give some examples: while the Levi problem is still open for unramified
pseudoconvex domains over Stein spaces with non-isolated singularities, it can be solved
for domains over any Stein space in classQG, see [Nem13, Rem. 3.5]. Even in the smooth
case, working in class QG has advantages: while in general even a domain in a smooth
projective variety does not necessarily have a Stein envelope of holomorphy [Gra63, §2,
Satz 2], every unramified domain over a complex space in QG admits a Stein envelope
of holomorphy by [Nem13, Thm. 1.2]. To give another example, Ivashkovich [Iva10,
Sect. 4.6] recently gave a classification of locally pseudoconvex domains in Hirzebruch
surfaces using the Cox realisation (i.e., considering the Hirzebruch surfaces as manifolds
in Q(C∗)2).
Our first main result is the following algebraicity statement for compact spaces in class
QG.
Theorem (Thm. 4.3). Let G be a complex reductive Lie group, and let X be a compact
complex space in class QG. Then, there exists a reductive algebraic subgroup H < G
such that X ∈ QalgH . More precisely, there exists a rational H-representation V together
with an H-invariant algebraic subset Θ of codimension greater than one such that the
H-action on V \Θ admits a good quotient V \Θ→ Q with Qan ∼= X.
In the special case where G is abelian this implies the following:
Corollary (Cor. 4.4). Let T be an algebraic torus, and let X be a compact complex space
in class QT . Then, X is a toric variety.
We show by example that for a general non-commutative group G there exist ex-
amples of compact Moishezon spaces in class QG that are not algebraic varieties (see
Example 4.5). Moreover, we obtain the following rough structure theorem for varieties
in class QG:
Corollary (cf. Cor. 4.9 and Prop. 4.11). Let X be a complete algebraic variety in class
QG. Then, X is unirational with at worst rational singularities, and both the divisor
class group Cl(X) and the Cox ring Cox(X) are finitely generated. If X is additionally
assumed to be Q-factorial and projective, then X is a Mori dream space.
The aforementioned results are obtained as consequences of a much more general state-
ment, which attacks the following
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Fundamental Question of Geometric Invariant Theory. Given an algebraic G-
variety or complex G-space X, find all G-invariant Zariski-open subsets with a good
quotient, or a semistable quotient, respectively.
In the algebraic setup, this question has been investigated and solved in a number of
cases by Białynicki-Birula (in joint work with Sommese and Świ
‘
ecicka, see [BB02] for a
survey) and Hausen, see for example [Hau09]. The following algebraicity result reduces
the fundamental question in the complex-analytic category to the corresponding question
in the algebraic category, and can be summarised by saying that every compact analytic
quotient of an algebraic G-variety can already be obtained by the generalised Geometric
Invariant Theory of Białynicki-Birula and Świ
‘
ecicka.
Theorem 1.1. Let G be a complex reductive Lie group, let X be a G-irreducible normal
G-variety, and let Σ ( X be a G-invariant analytic subset such that the analytic Hilbert
quotient pi : U := Xan \ Σ → U/G =: Q exists. Assume that Q is compact. Then, the
following holds.
(1.1.1) The complex space Q is Moishezon. In particular, it is the complex space asso-
ciated with an algebraic space (in the sense of Artin).
(1.1.2) The set Σ is an algebraic subvariety of X.
(1.1.3) The map pi : U → Q is a good quotient.
In Section 3.7 we construct examples showing that the compactness assumption in the
formulation of the previous theorem cannot be dropped. This result hence provides an
essentially complete picture for the complex-analytic invariant theory of reductive algeb-
raic group actions. It completes the investigation started in [Gre10a], where (1.1.2) and
(1.1.3) were proven under the additional assumption that the quotient Q be projective,
cf. [Gre10b, Thm. 1.1].
The proofs of (1.1.1), (1.1.2), and the algebraicity of pi given in Sections 3.2, 3.3,
and 3.4, respectively, partly build upon ideas and techniques developed in [Gre10b] and
[Gre10a]. These results generalise earlier works [BBS83, BBS85] of Białynicki-Birula
and Sommese, in which these authors study geometric quotients of SL2(C)-, C∗-, and
(C∗)2-actions.
In contrast, the proof of the central and subtle affineness property of pi given in Sec-
tion 3.5 is independent of [Gre10a]. It avoids the use of the equivariant version of
Kodaira’s embedding theorem relative to a projective quotient [Gre10b, Thm. 3] and
thus also provides a new and in fact more direct proof of [Gre10a, Thm. 1.1(4)].
In the final section, it is shown that complete varieties in class QG are unirational, that
they have finitely generated Cox ring and at worst rational singularities, see Corollary 4.9
and Proposition 4.11. It remains an interesting open question how to characterise spaces
in class QG among spaces with these properties.
Acknowledgements. The author wants to thank Peter Heinzner, Christian Miebach,
Stefan Nemirovski, and Karl Oeljeklaus for interesting and stimulating discussions. Fur-
thermore, he is grateful to the organisers of the ”Russian-German conference on Several
Complex Variables“ at Steklov Institute, during which some of these discussions took
place, for the invitation and for their hospitality.
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2. Preliminaries
Throughout the paper, a variety is a reduced scheme of finite type over C. In particular,
a variety is not assumed to be irreducible. A complex space is a reduced complex space
with countable topology. Moreover, analytic subsets of complex spaces are assumed
to be closed. An open subset refers to an open subset in the Euclidean topology of a
complex space, while open subsets in the Zariski-topology will be called Zariski-open.
Our reference for the theory of algebraic spaces is [Knu71].
2.1. Good quotients and analytic Hilbert quotients. LetG be a complex reductive
Lie group and letX be an algebraic variety equipped with an algebraic action ofG. Then,
a G-invariant morphism pi : X → Y , where Y is an algebraic space (not necessarily an
algebraic variety) is a good quotient (of X by the action of G) if
(1) pi is an affine morphism of algebraic spaces, and
(2) (pi∗OX)G = OY holds.
Next we will introduce the natural analogue of this concept in the analytic category.
Let G be a complex reductive Lie group and X a holomorphic G-space. A complex
space Y together with a G-invariant surjective holomorphic map pi : X → Y is called an
analytic Hilbert quotient or semistable quotient of X by the action of G if
(1) pi is a locally Stein map, and
(2) (pi∗OX)G = OY holds.
Here, locally Stein means that there exists an open covering of Y by open Stein subspaces
Uα such that pi−1(Uα) is a Stein subspace of X for all α. An analytic Hilbert quotient
of a holomorphic G-space X is unique up to biholomorphism once it exists, and we will
denote it by X/G. It has the following properties (see [HMP98]):
(1) Given a G-invariant holomorphic map φ : X → Z into a complex space Z, there
exists a unique holomorphic map φ : Y → Z such that φ = φ ◦ pi.
(2) For every Stein subspace A of X/G the inverse image pi−1(A) is a Stein subspace
of X; in particular, pi is a Stein map.
(3) The map pi is universal with respect to analytic subsets: If A is a G-invariant
analytic subset of X, pi(A) is an analytic subset of X/G, and pi|A : A → A/G is
an analytic Hilbert quotient.
(4) If A1 and A2 are G-invariant analytic subsets of X, then pi(A1) ∩ pi(A2) =
pi(A1 ∩A2).
It follows that two points x, x′ ∈ X have the same image in X/G if and only if G •x ∩
G •x′ 6= ∅. For each q ∈ X/G, the fibre pi−1(q) contains a unique closed G-orbit G •x.
The stabiliser Gx of x in G is a complex reductive Lie group by [Sno82, Prop. 2.5] and
[Mat60].
Examples 2.1. 1.) If X is a holomorphic Stein G-space, then the analytic Hilbert
quotient exists and has the properties listed above (see [Hei91] and [Sno82]).
2.) If X is an algebraic G-variety with good quotient pi : X → X/G, then the associ-
ated holomorphic map of complex spaces pian : Xan → (X/G)an is an analytic Hilbert
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quotient, see [Lun76] as well as [Hei91, Sect. 6.4]. Note that while these references dis-
cuss the case of quotients in the category of algebraic varieties, the general case can be
reduced to this one by a base change diagram.
2.2. A criterion for the existence of good quotients. In our study it will be im-
portant to decide whether a given G-variety admits a good quotient. For this, we will
use the following criterion established by Białynicki-Birula and Świ
‘
ecicka:
Theorem 2.2 (Theorem B of [BBŚ97]). Let X be a normal algebraic variety equipped
with an action of the reductive group G. If there exists a G-invariant affine morphism
f : X → Z into an algebraic space Z, then there exists a good quotient X → X/G.
The assumption that f is affine is crucial for the proof of the above result, which has
recently been generalised by Alper and Easton [AE12, Thm. 1.1] to the non-normal setup.
Consequently, in order to apply Theorem 2.2 it is important to detect affine morphisms.
In our context the following observation turns out to be central. For a proof, the reader
is referred to [Knu71, Prop. I.4.12 and Extension II.3.8]; cf. also [Gro65, Prop. 2.7.1.xiii].
Lemma 2.3 (Testing affineness on étale coverings). Let pi : X → Y be a morphism from
an algebraic variety X to an algebraic space Y . Let Yˆα, α ∈ I, be an algebraic variety,
and let {ηα : Yˆα → Y } be an étale covering of Y . Let pˆiα : Xˆα := Yˆα ×Y X → Yˆα be the
base change of pi from Y to Yˆα. Then, in order for pi to be affine it suffices that pˆiα be
an affine morphism of schemes for every α ∈ I.
3. Proof of the main result
The following notation will be in use for the whole section: let G be a complex reductive
Lie group, let X be a G-irreducible normal algebraic G-variety, and let U ⊂ X be a non-
empty analytically Zariski-open G-invariant open subset with complement Σ such that
the analytic Hilbert quotient pi : U → Q exists. We suppose that Q is compact.
3.1. Reduction to the case G connected. Assume that Theorem 1.1 is proven for
the case of connected groups. Then, taking first the analytic Hilbert quotient by the
connected component of the identity G0 of G, which exists by [HMP98, Sect. 2, Prop. 1],
and then the analytic Hilbert quotient by the finite group Γ := G/G0, we obtain the
following commutative diagram:
X Uoo
pi
!!
piG0 // U/G0
piΓ

U/G.
Since X was assumed to be normal, its irreducible components are mutually disjoint, the
decomposition of U into irreducible components is given by intersecting the irreducible
components of X with U , and consequently, U/G0 consists of a number of disjoint
(compact) irreducible components, each arising as the quotient of one of the irreducible
components of U by the action of G0. Going through the statement of Theorem 1.1
applied to piG0 (or rather to its restriction to any of the irreducible components of U),
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we see that U/G0 is a (possibly disconnected) algebraic space, that the intersection of
Σ with any connected component of X is algebraic, and hence Σ itself is algebraic, and
that piG0 : U → U/G0 is a good quotient. Since good quotients for actions of finite groups
always exists in the category of algebraic spaces, cf. [BB02, Thm. 4.3.2], the quotient
Q = (U/G0)/Γ is an algebraic space and the map pi = piΓ ◦ piG0 is a good quotient.
Consequently, without loss of generality we may assume that G is connected, which
we do from now on. Accordingly, from now on we will assume that X is irreducible.
3.2. Proof of (1.1.1): X is Moishezon. The aim of this section is to show that X
is Moishezon, and hence the complex space associated with a complete algebraic space,
cf. [Art70, Thm. 7.3]. The sheaf of germs of meromorphic functions on a complex space
Z will be denoted by MZ . Recall that for any irreducible algebraic G-variety X the
subset
(3.1) Xgen := {x ∈ X | dimG •x = mX},
where mX = maxx∈X{dimG •x}, is G-invariant, Zariski-open, and dense in X.
We formulate the main result of this section as a separate theorem:
Theorem 3.1. Let G be a connected complex reductive Lie group, let X be an irreducible
normal G-variety, and let Σ ( X be a G-invariant analytic subset such that the analytic
Hilbert quotient pi : U := Xan \Σ→ U/G =: Q exists. Assume that Q is compact. Then,
Q is Moishezon.
Proof. An application of [Gre10a, Lemma 6.2] yields a G-stable irreducible algebraic
subvariety Y of X such that pi(Y ∩ U) = Q and such that the intersection Ygen ∩ U
contains an orbit that is closed in U . A dimension count then shows that
(3.2) dimQ = dimY −mY .
By Rosenlicht’s Theorem [Ros56], we have
(3.3) trdegC(C(Y )G) = dimY −mY .
Moreover, since the generic G-orbit in U ∩ Y is closed in U , it follows from [Gre10a,
Cor. 5.3] that invariant meromorphic functions on Y ∩ U descend to Q; in other words,
we have field monomorphisms
(3.4) C(Y )G ↪→MY (Y ∩ U)G ↪→MQ(Q).
Consequently, we obtain the following chain of (in)equalities
dimQ = dimY −mY by (3.2)
= trdegCC(Y )G by (3.3)
≤ trdegCMQ(Q) by (3.4).
Hence, trdegCMQ(Q) = dimQ, i.e., Q is Moishezon, as claimed. 
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3.3. Proof of (1.1.2): Σ is algebraic. We formulate the main result of this section
as a separate theorem:
Theorem 3.2. Let G be a connected complex reductive Lie group, let X be an irreducible
normal algebraic G-variety, and let U = X \Σ be a non-empty G-invariant analytically
Zariski-open subset of X such that the analytic Hilbert quotient pi : U → Q exists. If Q is
(the complex space associated with) a complete algebraic space, then U is Zariski-open,
and Σ is an algebraic subvariety of X.
Under the assumption that Q is a complete algebraic variety, the result was shown in
[Gre10a, Thm. 6.1]. We closely follow the arguments given there, carefully indicating
in which way these have to be adapted in order to apply also in case of non-schematic
quotients.
Rosenlicht subsets, i.e., Zariski-open subsets of a given algebraic G-variety X with a
geometric quotient having the field of invariant rational functions on X as its function
field, play a prominent role, and we refer the reader to [Gre10a, Sect. 3.1] for a thorough
discussion.
Moreover, motivated by a result of Sumihiro [Sum74], if G is a connected algebraic
group and X an algebraic G-variety, a G-invariant, Zariski-open, quasi-projective neigh-
bourhood of x in X that can be G-equivariantly embedded as a Zariski locally closed
subset of the projective space P(V ) associated with some rational G-representation
ρ : G→ GL(V ) is called a Sumihiro neighbourhood of x in X.
Furthermore, the following notations will be used in the proof: If X is a holomorphic
G-space and A is a G-stable subset of X, then we set
SXG (A) := {x ∈ X | G •x ∩A 6= ∅},
and call it the saturation of A with respect to the G-action on X. Moreover, given X
and U as in Theorem 1.1 and a G-invariant analytic subset A of X, we set Ass := A∩U .
We start by looking at the case where the generic G-orbit is closed in X, cf. [Gre10a,
Sect. 6.2].
Proposition 3.3. Let G be a connected complex reductive Lie group, let X be an irre-
ducible algebraic G-variety, and let U ⊂ X be a G-invariant analytically Zariski-open
subset of X such that the analytic Hilbert quotient pi : U → Q exists. Assume that Q is
a complete algebraic space and that U ∩Xgen contains an orbit that is closed in U .
If VR is any Rosenlicht subset of X, then U ∩ VR contains a G-invariant Zariski-
open (Rosenlicht) subset UR of VR consisting of G-orbits that are closed in U such that
there exists an open algebraic embedding ı : UR/G ↪→ Q making the following diagram
commutative:
UR
pi
~~
p
##
Q UR/G.?
_ıoo
In particular, the quotient map pi : U → Q extends to a rational map X 99K Q, whose
restriction to U is a morphism of algebraic spaces.
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Proof. Let VR be any Rosenlicht set of X and let p : VR → VR/G be the quotient map.
We denote the complement of VR in X by V cR. Without loss of generality we can assume
that VR/G is affine. Our first aim is to show that VR/G is birational to Q. By [Gre10a,
Cor. 5.3], the restriction f |U of every G-invariant meromorphic function f ∈MX(X)G
to U descends to a meromorphic function on Q. As a consequence of the Chow lemma
for complete algebraic spaces, see [Knu71, Thm. IV.3.1] or [Art70, Thm. 7.3], these
meromorphic functions are in fact rational. Consider the rational map ϕ : Q 99K VR/G
that corresponds to p|U . Since elements of ϕ∗(C(VR/G)) = C(X)G ⊂ C(Q) separate
orbits in VR, they separate orbits in
UR := U \ SUG (V cR ∩ U) ⊂ U ∩ VR.
This set is non-empty, analytically Zariski-open, and pi-saturated in U . Since U con-
tains a closed orbit of generic orbit dimension and since the algebraic spaceQ is complete,
UR is mapped to a non-empty Zariski-open subset of Q, again as a consequence of the
Chow lemma or GAGA for complete algebraic spaces. Therefore, ϕ is generically one-
to-one and hence birational. Let ı := ϕ−1 : VR/G 99K Q. Without loss of generality,
we may assume that VR/G coincides with the set where ı is an isomorphism onto its
image. It follows that ı : VR/G ↪→ Q is an open embedding. We obtain the following
commutative diagram
UR
  //
p|UR

U
pi

p(UR)
 
ı|p(UR) // Q.
Since Q is complete, the image p(UR) is Zariski-open in Q. It follows that UR is Zariski-
open in VR and contained in U . An application of Lemma 3.8 concludes the proof. 
We now return to the general case. The following is the analogue of [Gre10a, Lem. 6.4]
in our more general setup.
Lemma 3.4. Let G be a connected complex reductive Lie group, X an irreducible G-
variety, and U a non-empty G-invariant analytically Zariski-open subset of X such that
the analytic Hilbert quotient pi : U → Q exist and such that additionally Q is a complete
algebraic space. Assume that every point x ∈ U whose orbit G •x is closed in U has a
Sumihiro neighbourhood. Then, U contains a non-empty G-invariant Zariski-open subset
of X.
Proof. By [Gre10a, Lem. 6.2], there exists an irreducible G-invariant subvariety Y of X
such that Y ss/G = Q and such that Y ss ∩ Ygen contains an orbit that is closed in U .
By Proposition 3.3 there exists a G-invariant Zariski-open subset A of Y contained in
U such that pi(A) is an open subset of Q. Furthermore, A consists of orbits which are
closed in U .
Let W be an irreducible Sumihiro neighbourhood of a point x ∈ A and let ψ : W →
P(V ) be a G-equivariant embedding of W into the projective space associated with
a rational G-representation V . Let Z be the closure of ψ(W ) in P(V ). Since Z is
projective, it has a Rosenlicht quotient constructed from the Chow variety of Z, see
[Gre10a, Sect. 3.1]. Let UR be such a Rosenlicht subset of Z having the properties stated
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in Proposition 3.1 of [Gre10a]. Then, Lemma 7.3 of [Gre10b] implies that SZG(ψ(A ∩
W )) ∩ UR is constructible in UR. Therefore, SXG (A ∩W ) ∩W contains a G-invariant
Zariski-open subset U˜ of its closure. By construction, pi(A∩W ) is open in Q, and hence,
pi−1(pi(A ∩W )) ∩W is an open subset of X that is contained in SXG (A ∩W ) ∩W . We
conclude that U˜ is Zariski-open in X. 
With these preparations at hand, we are now in the position to prove the following
openness result.
Proposition 3.5. Let G be a connected complex reductive Lie group, X a G-variety,
and let U be a non-empty G-invariant analytically Zariski-open subset of X such that
the analytic Hilbert quotient pi : U → Q exist and such that additionally Q is a complete
algebraic space. Assume that every point x ∈ U whose orbit G •x is closed in U has a
Sumihiro neighbourhood. Then, U is Zariski-open in X.
Proof. Let X =
⋃
j Xj be the decomposition of X into irreducible components. Then,
there exists a j0 ∈ {1, . . . ,m} such that Xssj0 is analytically Zariski-open in Xj0 and
non-empty. Let Vj0 be the G-invariant Zariski-open subset of Xssj0 whose existence is
guaranteed by the previous Lemma. Set X˜ := X \ (Vj0 \ ⋃j 6=j0 Xj). Then either
X˜ = U c ⊂ X or X˜ss 6= ∅. In the first case, we are done, since X˜ is algebraic in X.
In the second case, we notice that X˜ss is analytically Zariski-open and G-invariant in
X˜, that X˜ss/G = pi(X˜ss) ⊂ Q is a complete algebraic space by [Knu71, IV.Thm. 3.1],
and that the existence of Sumihiro neighbourhoods is inherited by X˜ss. We proceed by
Noetherian induction. 
Proof of Theorem 3.2. Using Proposition 3.5 it suffices to note that, since X is assumed
to be normal and G to be connected, every point in X has a Sumihiro neighbourhood
by the result [Sum74] which motivated the coining of the term. 
Remark 3.6. If X is an affine variety (as in the application to spaces in class QG,
cf. Section 4), the proof is actually much easier: Since Q is compact, we obviously have
OQ(Q) = C. Because of the natural morphisms
OX(X)
G ↪→ OU (U)G
∼=−→ OQ(Q),
X does not admit non-constant invariant holomorphic functions. As a consequence,
the good quotient X/G = {pt.} (which exists, since X is assumed to be affine) is
a singleton. An application of the G-equivariant version of Chow’s Lemma [Gre10b,
Thm. 10.3] (which in this special case also follows easily from [Hei89, Sect. 5, Satz])
then yields that Σ is an algebraic subvariety of X.
3.4. Algebraicity of the quotient map. We formulate the main result of this section
as a separate theorem:
Theorem 3.7. Let G be a connected complex reductive Lie group, let X be an irreducible
normal algebraic G-variety, and let U be a G-invariant Zariski-open subset of X such
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that the analytic Hilbert quotient pi : U → Q exists. If Q is (the complex space associated
with) a complete algebraic space, then the quotient map pi is algebraic.
The following lemma implies that in order to proof Theorem 3.7, it suffices to show
that there exists a Zariski-open subset W ⊂ U such that pi|W : W → Q is a morphism of
algebraic spaces. While this is certainly well-known, we provide a proof for the reader’s
convenience.
Lemma 3.8 (Regularity of rational holomorphic maps). Let U be a Zariski-open subset
of an irreducible normal algebraic variety X, Y an irreducible complete algebraic space,
and f : U → Y a morphism of algebraic spaces. If fan : Uan → Xan extends to a
holomorphic map fan : Xan → Y an, then f extends to a morphism f¯ with (f¯)an = fan.
Proof. Let Γf ⊂ X×Y be the Zariski-closure of the graph of f with the two projections
f¯ := pr2|Γf : Γf → Y and pi := pr1|Γf : Γf → X. The claim of the lemma is equivalent
to pi being biregular.
As a first observation, note that (Γf )an is the graph of fan. It follows that pi is one-to-
one, hence quasi-finite. On the other hand, as Y is complete, pi is proper, and therefore
finite. In particular, pi is an affine morphism. Consequently, it follows from [Knu71,
Cor. II.6.16] that Γf is a scheme. Now, as (Γf )an is the graph of fan, the map pian is
biholomorphic. Let
η := (pian)−1 : Xan → (Γf )an
be its holomorphic inverse, and note that this is a map between (the complex spaces
associated with) two algebraic varieties. As f : U → Y is a morphism of algebraic spaces,
η is not only holomorphic, but also induced by a rational map from X to Γf , and hence
regular by [Sha94, Lem. in VIII.3]. 
With these preparations in place, the reasoning of [Gre10a, Sections 7.1 and 7.2]
now applies mutatis mutandis (replacing the use of GAGA for complete algebraic vari-
eties [Ser56] by GAGA for complete algebraic spaces ([Art70, Thm. 7.3] or [Knu71,
Thm. IV.3.1]) and [Gre10a, Prop. 6.3] by Proposition 3.3). This concludes the proof of
Theorem 3.7. 
3.5. The quotient map is affine. In general, it is rather delicate to decide whether a
given categorical quotient map is affine, as the following well-known example [MFK94,
Ex. 0.4] shows.
Example 3.9. Let X = C2 \ {(0, 0)} be endowed with the standard action of SL2(C)
(coming from its defining representation. Let T be the diagonal maximal torus in
SL2(C), and N < SL2(C) be its normaliser. The action of N on C2 has a good
quotient pˆi : C2 → C =: Q, given by pi : C2 → C, (z, w) 7→ (zw)2. The restriction
pi := pˆi|X : X → Q is a geometric categorical quotient for the action of N on X. Since
X = C2 \ {(0, 0)} is not affine, pi is not a good quotient. This example can be made
into an example for a connected group by considering SL2(C) ×N X → Q, which is a
geometric quotient for the induced action of SL2(C).
Note that at the same time that one proves that the quotient map in Example 3.9
is not affine, one proves that it is not (locally) Stein. Theorem 3.10 below can be
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interpreted as saying that for quotients by reductive group actions there are not more
obstructions to being affine than there are for being Stein. For general morphisms of
algebraic varieties this is of course far from being true, as classical examples [Har70,
Chap. 6, §3] of non-affine quasi-projective Stein varieties show.
Theorem 3.10. Let G be a connected complex reductive Lie group, let X be an irredu-
cible normal algebraic variety, and let U be a G-invariant Zariski-open subset of X with
analytic Hilbert quotient pi : U → Q. Assume that
(a) Q is (the complex space associated with) a complete algebraic space, and
(b) pi is a morphism of algebraic spaces.
Then, pi is an affine map.
The main ingredient in the proof of Theorem 3.10 is the following étale slice theorem
of Luna type, cf. [Lun73].
Proposition 3.11. Let G be a connected complex reductive Lie group, let U be a normal
irreducible algebraic G-variety with analytic Hilbert quotient pi : U → Q. Assume that
(a) Q is (the complex space associated with) a complete algebraic space, and
(b) pi : U → Q is a morphism of algebraic varieties.
Then, for every point q ∈ Q there exists a normal irreducible affine G-variety T and a
G-equivariant morphism ϕ : T → U such that ϕ and the induced morphism ϕ : T/G→ Q
have the following properties:
(1) the image of ϕ is a Zariski-open pi-saturated neighbourhood of pi−1(q),
(2) both ϕ and ϕ are étale,
(3) the induced morphism T → T/G×Q U is biregular.
Remark 3.12. In the setup of Proposition 3.11 it follows in particular that the morph-
ism T/G×Q U → T/G (the base change of pi from Q to T/G) is affine.
Morphisms satisfying properties (1)− (3) of Proposition 3.11 are often called excellent,
e.g. see [PV94, p. 209].
Remark 3.13. Note that traditionally Luna’s Slice Theorem [Lun73] is established
assuming the existence of a good quotient X → Q. Here, we reverse the approach and
(using the existence of an analytic Hilbert quotient) establish the slice theorem first,
from which the existence of a good quotient will follow; cf. the strategy pursued in
[Hei91].
Proof of Proposition 3.11. Let p ∈ pi−1(q) such that G • p is the uniquely determined
closed G-orbit in pi−1(q). Since the isotropy group H := Gp of p is reductive, cf. Sec-
tion 2.1, it follows as in the proof of [Gre10b, Thm. 5.6] that there exists a Zariski-locally
closed H-stable affine subvariety S of U with the following property: if ϕ : G×H S → U
is the natural induced G-equivariant morphism, and piT : G×H S → T/G ∼= S/H denotes
the good quotient of the affine G-variety G×H S by G, then there exists a piT -saturated
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open neighbourhood V˜ of [e, p] in G×H S such that
(3.5) ϕ|
V˜
is biholomorphic, and ϕ(V˜ ) is a pi-saturated open neighbhd. of G • p in U .
We set T := G×H S and summarise our situation in the following commutative diagram:
(3.6)
T
ϕ //
piT

U
pi

T/G
ϕ // Q.
We note that pi maps G-invariant Zariski-closed subsets of U to Zariski-closed subsets
of Q: indeed, if A is any G-invariant algebraic subset of U , the image pi(A) ⊂ Q is
both constructible (by Chevalley’s Theorem), and an analytic subset in Q (since pi is
universal with respect to G-invariant analytic subsets of U , cf. Section 2.1), and therefore
Zariski-closed.
The previous observation allows us to make the following reduction steps: Shrinking
S if necessary, we may assume that T is normal and irreducible, and that ϕ(T ) ⊂ U
is pi-saturated and Zariski-open in U . Since both ϕ and ϕ are étale near G • [e, p], and
piS([e, p]), respectively, shrinking T further, we may additionally assume that both ϕ
and ϕ are étale.
We are aiming to show that after shrinking T the map ϕ maps closed G-orbits to closed
G-orbits.
Let CT and CU denote the set of closed orbits in T and U , respectively. Since piT : T →
T/G is a good quotient, it follows from the Luna Slice Theorem that CT is a constructible
subset of T . Moreover, we claim that CU is likewise constructible in U . In order to
see this, let {Sγ}γ∈I be the Luna stratification of Q as an analytic Hilbert quotient,
see [GH10, Sect. 1.2] or [HHL94, Sect. 2]. Then, as Q is a complete algebraic space,
{Sγ}γ∈I is a stratification by Zariski-locally closed subsets of Q (this is the only place
where our argument uses the assumption on completeness of Q, which can probably be
avoided by a finer analysis of the situation). Consequently, each inverse image pi−1(Sγ) is
Zariski-locally closed in U . The closed orbits in pi−1(Sγ) are exactly the orbits of minimal
dimension in pi−1(Sγ). It follows that CU∩pi−1(Sγ), which coincides with the set of closed
orbits in pi−1(Sγ), is Zariski-closed in pi−1(Sγ). We deduce that CU is constructible, as
claimed. We note that both CT and CU are connected, as the corresponding quotients
T/G and Q are connected.
Since ϕ is an algebraic morphism, ϕ(CT ) ∩ CU is a constructible subset of CU . As
locally near [e, p] ∈ T in the Euclidean topology, the morphism ϕ maps closed G-orbits
to closed G-orbits by (3.5), the intersection ϕ(CT ) ∩ CU contains a G-invariant open
neighbourhood of ϕ(p) in CU and therefore a G-invariant Zariski-open neighbourhood
of p in CU . Consequently, there exists a Zariski-open G-invariant neighbourhood UC
of [e, p] in CT that is mapped into CU by ϕ. The saturation STG(UC ) is a Zariski-open
and piT -saturated neighbourhood of p in T , and by construction every closed G-orbit in
STG(UC ) is mapped to a closed G-orbit in U . We may therefore assume that T itself has
this property, which we will do from now on.
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Next we consider the natural map ψ : T → T/G×Q U, t 7→ (piT (t), ϕ(t)), sitting inside
the following extended version of diagram (3.6):
T
piT
  
ϕ
''
ψ
$$
T/G×Q U
pr1

pr2
// U
pi

T/G
ϕ // Q.
Note that T/G ×Q U is a scheme; as we will see below, it is actually normal and
in particular reduced. We claim that ψ is surjective. Let (piT (t), u) ∈ T/G ×Q U be
any point. Without loss of generality, we may assume that the G-orbit of t is closed
in T . It suffices to show the piT -fibre Ft through t surjects via ϕ onto the pi-fibre Fu
through u. For this, we notice that on the one hand, as ϕ maps closed orbits to closed
orbits, ϕ(G • t) coincides with the closed G-orbit G •u′ in Fu (which might be different
from G •u) and on the other hand, as ϕ is étale and hence open, a small K-invariant
Euclidean neighbourhood NT of G • t is mapped onto a K-invariant open neighbourhood
NU of G •u′ in U . Moreover, since the closure of every G-orbit in Fu contains G •u′,
and since ϕ(T ) is G-invariant, we have Fu ⊂ ϕ(G •NT ). As ϕ¯ is étale, possibly after
shrinking NT , we know that ϕ−1(Fu) ∩G •NT ⊂ Ft. We conclude that ϕ(Ft) = Fu.
Surjectivity of ψ and irreducibility of T together imply that the fibre product is irre-
ducible. Since ϕ is étale, pr2 is étale. This has the following consequences:
• Since U ⊂ X is normal, the fibre product T/G×Q U is likewise normal.
• Since ϕ can be factored as ϕ = pr2 ◦ ψ, the map ψ is quasi-finite.
We claim that the degree deg(ψ) of the quasi-finite morphism ψ is equal to one, which
will imply that ψ is birational. Indeed, let V˜ be as in (3.5) above, let V := piT (V˜ ),
ϕ(V˜ ) := W˜ , ϕ(V ) = pi(W˜ ) =: W , and denote the inverse mapping of ϕ|
V˜
by η : W˜ → V˜ .
We note that pr−11 (V ) = V ×W W˜ , and that ψ|V˜ : V˜ → pr−11 (V ) is biholomorphic with
holomorphic inverse given by (piT (t), x) 7→ η(x). It follows that for any point z in the
open subset pr−11 (V ) ⊂ T/G×Q U we have deg(ψ) = |ψ−1(z)| = 1.
Summing up, we have proven that ψ is a surjective birational quasi-finite map from T
to the normal irreducible variety T/G ×Q U . Zariski’s Main Theorem [Mum99, p.209,
Original form] hence implies that ψ is biregular, as claimed. 
Proof of Theorem 3.10. Let G, X, and pi : U → Q be as in the statement of The-
orem 3.10. Let q ∈ Q be given, and let ϕ : T → U and ϕ¯ : T/G → Q be as in
Proposition 3.11. Then, ϕ¯ : T/G→ Q gives an affine étale neighbourhood of q in Q such
that the induced base change T/G×Q U → T/G of pi is an affine morphism of varieties,
see Remark 3.12. Hence, the algebraic space Q has a covering in the étale topology such
that the base change of pi to any open set of the covering is an affine map (of algebraic
varieties). Consequently, pi itself is affine by Lemma 2.3. 
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3.6. Proof of (1.1.3), end of proof of Theorem 1.1. Since the map pi : U → Q
is a G-invariant affine morphism of algebraic spaces, we are in the position to apply
Theorem 2.2 to conclude that there exists a good quotient p : U → Qˆ. Since the induced
map pan : Uan → Qˆan of complex spaces is an analytic Hilbert quotient for the action of
G, see Example 2.1.2, there exists a biholomorphic map ψ : Q→ Qˆan, which by GAGA
[Art70, Thm. 7.3] is induced by an isomorphism of algebraic spaces, making the following
diagram commutative:
U
pan
!!
pi
  
Q
ψ
∼= // Qˆan.
Hence, pi is (the holomorphic map associated with) a good quotient. This concludes the
proof of Theorem 1.1. 
3.7. Examples. In this section we discuss two examples which show in which sense the
statement of Theorem 1.1 is optimal.
While good quotients of normal algebraic varieties by complex tori are (normal) al-
gebraic varieties, see [BB02, Cor. 7.1.3], the following example shows that, if the group
G is not commutative, one cannot expect every quotient Q as in Theorem 1.1 to be an
algebraic variety; hence it is necessary to work in the category of algebraic spaces.
Example 3.14. Let Gss := SL2(C), and let
V = {forms of degree 5 in two variables}
be the unique irreducible SL2(C)-representation of dimension 6. The Grassmannian
Y := Gr(3, 6) of 3-planes in V naturally inherits a Gss-action from V . The Plücker em-
bedding Gr(3, 6) ↪→ P(∧3 V ) is Gss-equivariant and projectively normal. Consequently,
the affine cone X := Cone(Y ) ⊂ ∧3 V over Y is a normal affine algebraic variety, en-
dowed with an algebraic action of G = C∗ × Gss = C∗ × SL2(C). By [BBŚ92, Ex. on
p. 15] there exists a Zariski-open Gss-stable subset UY ⊂ Y such that the good (geo-
metric) quotient UY → Q = UY /Gss exists, and such that Q is a complete algebraic
space, but not an algebraic variety. If p : X \ {0} → Y denotes the orbit projection for
the C∗-action, set U := p−1(UY ). Then, U is a G-invariant Zariski-open subset of X,
the good (geometric) quotient pi : U → U/G = Q exists, and Q is (by construction) a
complete algebraic space, but not an algebraic variety.
The following example shows that without a compactness assumption on the quotient
the statements of Theorem 1.1 do not continue to hold, not even in case X = V a
representation and Σ of codimension at least two.
Example 3.15. Let X = C × C2, endowed with the algebraic C∗-action on the first
factor. Let Γ be a lattice of rank 4 in C2. Set Σ = C × Γ. Then, the analytic Hilbert
quotient pi : X \ Σ → Q of X \ Σ exists, and Q is biholomorphic to C2 \ Γ. Since the
fundamental group of C2 \ Γ is not finitely generated, Q cannot be endowed with the
structure of an algebraic space (of finite type).
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By construction, the open subset X \ Σ considered in the previous example is not
C∗-maximal, i.e., not maximal with respect to C∗-saturated inclusion, cf. [BB02]. In
fact, the C∗-maximal subset X contains X \ Σ as a C∗-saturated subset, and X has a
good quotient whose restriction to X \Σ coincides with pi. Hence, one might hope that
Theorem 1.1 continues to hold at least for G-maximal subsets U ⊂ X, although many
of the methods used in our argument are not applicable in this more general situation.
4. Spaces in class QG
4.1. Nemirovski’s class QG. Recently, Nemirovski [Nem13] introduced a class of com-
plex spaces in which questions related to the classical Levi problem are tractable. We
quickly recall his construction:
An (irreducible) complex space X is said to belong to class QG, for G a complex
reductive Lie group, if there exists a (connected) Stein G-manifoldX , and a G-invariant
analytic subset Σ ⊂X with codimX (Σ) > 1 such that the analytic Hilbert quotient for
the G-action on X \ Σ exists and X ∼= (X \ Σ)/G.
Remark 4.1. The codimension condition on Σ is actually unnecessary: Assume that
X is a connected Stein G-manifold, and Σ ⊂ X a G-invariant analytic subset such
that X ∼= (X \Σ)/G. Let Σ = Σ1 ∪Σ2 be the decomposition of Σ into its codimension
one part and the remaining components (all of which have codimension greater than
or equal to two). Note that both Σ1 and Σ2 are G-invariant. In particular, X \ Σ1
is a G-invariant open subset of X . Since X is smooth, the ideal sheaf IΣ1 is locally
principal, and we may apply [GR04, V.§1.1, Thm. 5] to conclude that X ′ :=X \Σ1 is
Stein. Obviously, X \ Σ =X ′ \ Σ2 and hence (X ′ \ Σ2)/G = X is in class QG.
A similar reasoning applies in the algebraic case. We hence define an (irreducible)
algebraic space X to belong to class QalgG , for G a complex reductive Lie group, if there
exists a (connected) affine algebraic G-manifold X , and a G-invariant algebraic subset
Σ ⊂ X (such that codimX (Σ) > 1) such that the good quotient for the G-action on
X \ Σ exists and X ∼= (X \ Σ)/G.
Examples are provided by analytic Hilbert quotients X/G, toric varieties (for G the
product of an algebraic torus with a finite group, using the Cox realisation [Cox95]),
flag manifolds (for G a product of GL(nk)’s), and moduli spaces of semistable quiver
representations [Kin94].
In this note, we focus on compact spaces in class QG. The following rough structure
result (and more) was already observed in [Nem13, Sect. 2.4].
Proposition 4.2. Let X be a complex space in class QG with OX(X) = C. Then, the
Stein G-manifold X fulfills OX (X )G = C. As a consequence, X carries the struc-
ture of an affine algebraic G-variety, uniquely determined up to G-equivariant biregular
isomorphism.
4.2. Consequences of the main result. We apply our main result to the setup of
class QG-spaces.
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Theorem 4.3. Let G be a complex reductive Lie group, and let X be a compact complex
space in class QG. Then, there exists a reductive algebraic subgroup H < G such that
X ∈ QalgH . More precisely, there exists a rational H-representation V together with an
H-invariant algebraic subset Θ of codimension greater than one such that the H-action
on V \Θ admits a good quotient V \Θ→ Q with Qan ∼= X.
Proof. Let X = (X \ Σ)/G be in class QG. By Proposition 4.2 above, X is an affine
algebraic G-variety without non-constant invariant regular functions. It follows from
the main result, Theorem 1.1, that X is Moishezon, that Σ is algebraic, and that X \Σ
admits a good quotient P by G whose associated complex space is biholomorphic to
X. Moreover, as already observed by Nemirovski [Nem13, Sect. 2.4], it follows from
Luna’s slice theorem [Lun73] that there exists a reductive algebraic subgroup H of G
and a rational H-representation V such that X is G-equivariantly biregular to G×H V .
Intersecting Σ with the fibre of G ×H V → G/H over eH, we obtain an H-invariant
algebraic subset Θ of V with codimV Θ > 1 such that the good quotient Q = (V \Θ)/H
exists and is biregular to P. This concludes the proof. 
Corollary 4.4. Let T be an algebraic torus, and let X be a compact complex space in
class QT . Then, X is a toric variety.
Proof. By Theorem 4.3, there exists a closed algebraic subgroup H < T and a rational
H-representation V together with a H-invariant Zariski-open subset U that admits a
good quotient p : U → Q with Qan ∼= X. Being an algebraic subgroup of an algebraic
torus, the group H splits as a direct product H = Γ × T ′, where Γ is a finite group,
and T ′ is an algebraic torus, see for example [OV90, Cor. on p. 114]. As H is a direct
product, there are two ways of taking the quotient of U by H in steps. Doing this, we
obtain the following commutative diagram of good quotients:
U
p
""
pT ′ //
pΓ

U/T ′
qΓ

U/Γ qT ′
// Q.
The quotient U/Γ is a Zariski-open subset of the affine variety V/Γ, hence a normal
quasi-affine variety. As a good quotient of this normal algebraic variety by the algebraic
torus T ′, the algebraic space Q is a normal algebraic variety, for example by [BB02,
Cor. 7.1.3]. On the other hand, as qΓ is finite, the quotient U/T ′ is complete, which
implies that U is a T ′-maximal subset of V . It hence follows from [BBŚ98, Thm. 1.6]
and [BBŚ96, Cor. 6.1] that U/T ′ is a torus embedding of Tˆ := T/T ′, where T is a ”big“
torus in PGLC(V ⊕ C) containing the image of H (note that the action of H on V is
diagonalisable). As T is commutative, the action of Γ commutes with the action of Tˆ
on U/T ′. Consequently, the Tˆ -action on U/T ′ descends to an algebraic Tˆ -action on Q.
As U/T ′ is toric for Tˆ , the action of Tˆ on Q has an open orbit. Hence, we conclude that
Q is a torus embedding for a quotient of Tˆ . This concludes the proof. 
In view of Example 3.14 and of the result just proven, one might ask whether every
compact space in class QG, where G is some complex reductive Lie group, is a complete
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algebraic variety, and not just a complete algebraic space, i.e., whether an additional
smoothness assumption implies that the quotient is a variety. The next example shows
that for general non-commutative reductive groups G the answer to this question is
negative.
Example 4.5. We continue to use the notation of Example 3.14. This time, we will
exploit the fact that the Grassmannian Y is in class QGL3(C). More precisely, Y is the
quotient of the Zariski-open subsetWmax of maps of maximal rank inW := HomC(C3, V )
by the natural GL3(C)-action (by precomposition); let q : Wmax → Y be the quotient
map. Moreover, the Gss-action on Y described in Example 3.14 lifts to the natural
Gss-action on W (by postcomposition). As before, let UY be the Zariski-open Gss-
stable subset of Y with good (geometric) quotient UY → Q = UY /Gss, where Q is a
complete algebraic space, but not an algebraic variety. Then, U ′ := q−1(U) ⊂ W is a
(GL3(C)×Gss)-invariant Zariski-open subset of W , and the good (geometric) quotient
U ′ → U ′/(GL3(C) × Gss) ∼= Q exists. Hence, Q is in class QGL3(C)×Gss , and Q is a
complete algebraic space but not an algebraic variety.
Remark 4.6. Note that in the previous example the group GL3(C) × Gss is neither
commutative nor semisimple, in accordance with Corollary 4.4 and with the following
observation: letG be a semisimple complex Lie group and let V be aG-module, such that
there exists a non-empty Zariski-open subset U ⊂ V with complete quotient U/G. Note
that V is a factorial affine algebraic variety and that factoriality is preserved by passing
to an open subset V ′ ⊃ U with codimension one complement, see [Har77, Chap. II,
Props. 6.2 and 6.5]. As observed before, we have OV ′(V ′)G = C. Now, classical results
concerning invariant rational functions on factorial affine G-varieties, see e.g. [PV94,
Thm. 3.3], imply that G has an open orbit in V ′, and hence that Q is a point; in
particular, Q is an algebraic variety.
4.3. Varieties with finitely generated Cox ring. While the motivation to study
spaces in classQG comes from the classical Levi problem, varieties with finitely generated
Cox ring and Mori dream spaces form an important class of higher-dimensional varieties
for which many of the features of the Minimal Model Program are well-understood. We
quickly recall their definition.
Definition 4.7. Let X be an irreducible complete normal algebraic variety with only
constant invertible global regular functions and finitely generated divisor class group
Cl(X). The Cox-ring (or total coordinate ring) of X morally is defined to be
Cox(X) =
⊕
[D]∈Cl(X)
H0
(
X, OX(D)
)
.
Due to the potential existence of torsion in Cl(X) and due to the question how to identify
section spaces of linearly equivalent divisors, the precise definition requires some care,
see for example [Bäk11, Sect. 2]. A Q-factorial projective variety with finitely generated
Cox ring is called a Mori Dream Space.
Remark 4.8. Note that in [HK00] a Mori Dream Space is defined to be a Q-factorial
projective variety X such that
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• Pic(X)Q = N1(X)Q, and
• for some choice of Q-basis {L1, . . . , Lk} of N1(X)Q whose affine hull contains
the cone of effective divisors, the associated ring⊕
(ν1,...,νk)∈Nk
H0
(
X,Lν11 ⊗ · · · ⊗ Lνkk
)
is finitely generated.
We note that any Mori Dream Space in the sense of Hu-Keel is also a Mori Dream Space
as defined in Definition 4.7. For more information the reader is referred to [Hau13,
Thm. 2.37].
As a consequence of our main result we obtain:
Corollary 4.9. Let X be a complete algebraic variety in class QG. Then, both the
divisor class group Cl(X) and the Cox ring Cox(X) are finitely generated. If X is
additionally assumed to be Q-factorial and projective, then X is a Mori dream space.
Proof. As we have seen above, there exists a reductive algebraic subgroup H of G as
well as a rational H-representation V together with an H-invariant algebraic subset Σ
of codimension greater than one such that the H-action on V \Σ admits a good quotient
V \Σ→ Q with Qan ∼= X. Since the Cox ring Cox(V ) ∼= C[V ] is finitely generated and
since OX(X)∗ = C∗, an application of [Bäk11] yields the desired result. 
Remark 4.10. Non-Q-factorial and non-projective toric varieties exist in abundance,
cf. [CLS11, Prop. 4.2.7 and Ex. 4.2.13]. As complete toric varieties are in QT for T the
product of some algebraic torus and a finite group, see [CLS11, Thm. 5.1.11], not every
variety in QG is Q-factorial or projective.
Based on the observations made above, it is a natural question to ask whether there
exists an intrinsic characterisation of those Mori dream spaces or varieties with finitely
generated Cox ring that are in class QG for some complex reductive group G. The
following result yields two necessary criteria, the first one local and the second one of
global nature.
Proposition 4.11. Let X be a complex space in class QG. Then,
(1) X has at worst reductive quotient singularities. In particular, X has rational
singularities.
(2) X is unirational.
Here, we say that a complex space X has reductive quotient singularities, if every point
p ∈ X has open neighbourhood U biholomorphic to an open neighbourhood of pi(0) ∈
W/H, where H is a complex reductive Lie group, W is a rational H-representation, and
pi : W →W/H is the invariant-theoretic quotient map.
Proof of Proposition 4.11. The first part is an immediate consequence of the holomorphic
slice theorem [Sno82, p. 80] and the main result of [Gre11]. For the second part, it suffices
to note that owing to its algebraicity the quotient morphism pi : V ⊃ U → X extends to
a dominant rational map P(V ⊕ C) 99K X. 
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We note that in general, varieties with finitely generated Cox ring and even Mori
dream spaces can have worse than rational singularities. The following example was
constructed in joint discussions with Patrick Graf and Alex Küronya. The author would
like to thank these colleagues for allowing him to include it here.
Example 4.12. The example is mainly an exercise in computing on projective cones.
We will use additive notation both for divisors and their associated divisorial sheaves.
Let Y ⊂ PN be a smooth positive-dimensional variety, and let X be the projective
cone over Y . We assume Y to be projectively normal, so that X is normal. If X˜ is the
blowup of the vertex P ∈ X, we obtain a commutative diagram
X˜
pi

f // X
p

Y
and X˜ = Psub(OY (1)⊕OY ) is a P1-bundle over Y . Write L = OY (1), and let E ∼= Y be
the exceptional divisor of the resolution f . Then, the normal bundle E|E of E in X˜ is
−L. The projection pi has another section, which does not meet E. Its image under f
will be denoted by S∞.
Let D be a divisor on Y . Then p∗D is defined by pulling back D on the locus where
p is a morphism, and then taking the closure in X. If D is any divisor on X˜, then the
pushdown f∗D is defined to be the Weil divisor f(D) on X. Note that f∗ preserves
linear equivalence of Weil divisors.
Our example will be a projective cone over a suitable hypersurface in some PN . In
order to establish the Mori dream space property, we will proof a number of preliminary
claims.
Claim 1: The canonical divisor of X is given by KX = p∗(KY − L).
Proof. First, we calculate the canonical divisor of X˜. The Picard group of X˜ is generated
by pi∗(Pic(Y )) and E. So we may write
K
X˜
= pi∗(M) + λE for some M ∈ Pic(Y ), λ ∈ Z.
Let F ∼= P1 be a fibre of pi. Then KF = KX˜
∣∣
F
, because the normal bundle of F in X˜ is
trivial. Since E · F = 1, we get λ = −2. On the other hand, by the adjunction formula
for E ⊂ X˜, we obtain
M − 2E|E = KX˜
∣∣
E
= KE − E|E ,
so M = KE +E|E = KY −L. In summary, we arrive at KX˜ = pi∗(KY −L)−2E. Claim
1 follows from this by passing through f . 
Claim 2: Let D be a divisor on Y . Then p∗D is Q-Cartier if and only if there is a
λ ∈ Q such that D ∼Q λL. (“D is Q-linearly proportional to L.”)
Proof. See [HK10, Ex. 3.5]. 
Claim 3: The pair (X, ∅) is log canonical if and only if KY ∼Q λL for some λ ∈ Q≤0.
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Proof. By Claims 1 and 2, the variety X is Q-Gorenstein if and only if KY ∼Q λL for
some λ ∈ Q. In this case, the ramification formula for f reads
KX˜ = f
∗KX + aE for some a ∈ Q.
Restricting to E and using the adjunction formula for E ⊂ X˜, we get KE−E|E = aE|E ,
so KY = −(a+ 1)L. Consequently, a ≥ −1 is equivalent to λ ≤ 0. 
Claim 4: Any (Weil) divisor D on X is linearly equivalent to p∗D′ for some D′ ∈
Pic(Y ).
Proof. The strict transform f−1∗ D can be written as f−1∗ D ∼ pi∗D′ + λE. Pushing this
down by f gives D ∼ f∗pi∗D′ = p∗D′, which was to be shown. 
Claim 5: The following conditions are equivalent.
(1) Pic(Y )Q = N1(Y )Q and ρ(Y ) = 1, and
(2) X is Q-factorial.
Proof. “⇒": Let D be a Weil divisor on X. By Claim 4, D ∼ p∗D′ for some D′ ∈ PicY .
Since ρ(Y ) = 1, D′ is numerically proportional to L. Then since Pic(Y )Q = N1(Y )Q,
D′ is Q-linearly proportional to L. Hence, D is Q-Cartier by Claim 2.
“⇐": If Pic(Y )Q 6= N1(Y )Q, then there is a numerically trivial divisor D on Y which
is non-torsion. It follows that there does not exist a λ ∈ Q such that D ∼Q λL. An
application of Claim 2 hence yields that p∗D is not Q-Cartier.
If ρ(Y ) ≥ 2, then there is a divisor D on Y which is not numerically proportional to
L. By Claim 2 again, p∗D is not Q-Cartier. 
Claim 6: We always have Pic(X)Q = N1(X)Q and ρ(X) = 1.
Proof. For the first part, it suffices to show that any numerically trivial Cartier divisor
D on X is torsion. By Claims 4 and 2, D = p∗D′ and D′ ∼Q λL for some λ ∈ Q.
Restricting D to S∞, where it coincides with D′, we see that λL is numerically trivial.
Consequently, λ = 0, hence D′ is torsion and so is D.
For the second part, it suffices to show that any two Cartier divisors D,E on X are
numerically proportional. Write D = p∗D′ and E = p∗E′. As D′ ∼Q λL and E′ ∼Q µL,
the divisors D′ and E′ are Q-linearly proportional, and so are D and E. In particular,
D and E are numerically proportional. 
Using these preparations, we can now construct the desired example.
Proposition 4.13. If Y ⊂ P3 is a general smooth quintic, then the associated projective
cone X ⊂ P4 is a Mori Dream Space, but X is not log canonical, nor does it have rational
singularities.
Proof. By [Har77, Ch. II, Prop. 8.23], X is normal. By the Noether-Lefschetz theorem,
see for example [Lop91], we have Pic(Y ) ∼= Z, so X is Q-factorial by Claim 5. Then by
Claim 6 and Remark 4.8 the variety X is a Mori Dream Space, since the section ring of
an ample divisor is finitely generated. However, by adjunction we obtain
(4.1) KY = OY (1).
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Therefore, the pair (X, ∅) is not log canonical by Claim 3. The variety X doesn’t have
rational singularities because
(R2f∗OX˜)P ∼=
⊕
m≥0
H2(Y,OY (m)) ⊃ H2(Y,OY ) ∼= H0(Y,OY (KY )) 6= 0
by Serre duality and (4.1). 
This concludes the construction of Example 4.12.
Concluding remark. It remains an interesting open question to characterise spaces in
class QG by the existence of special tensors, some finite generation property, or similar
intrinsic properties.
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